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Abstract 

We study the special algebraic properties of alternating 3-forms in 6 and 7 
dimensions and introduce a diffeomorphism-invariant functional on the space 
of differential 3-forms on a closed manifold M in these dimensions. Restricting 
the functional to a de Rham cohomology class in H S (M, R), we find that a 
critical point which is generic in a suitable sense defines in the 6-dimensional 
case a complex threefold with trivial canonical bundle and in 7 dimensions a 
Riemannian manifold with holonomy Gi- This approach gives a direct method 
of showing that an open set in H S (M, R), with a special geometry is a local 
moduli space for these structures. 

1 Introduction 

This paper arose from the author's interest in the geometry of 3-forms on a manifold. 
Exterior differential forms of degree 2 are much studied, in particular a symplectic 
manifold is defined by a closed non-degenerate 2-form. Our starting point here is the 
fact that in dimensions 6 and 7 the notion of non- degeneracy for three-forms makes 
sense too. By this we mean that if W is a real vector space of dimension 6 or 7, 
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then the group GL(W) has an open orbit, a fact that has been known for nearly a 
century |12|. The orbits we are particularly interested in have stabilizer conjugate 
to SL(3, C) when dimly = 6, and the exceptional Lie group G2 when dim W = 7. 
In this way a single 3-form Slona manifold M defines a reduction of the structure 
group of M to one of these groups. When we look closely at the mechanism for this 
reduction, there appears naturally a volume form algebraically defined by any 3-form. 
Integrating this form gives a diffeomorphism-invariant functional $ on the space of 
3-forms, and this is our main object of study. 

Following the analogy with Hodge theory, we restrict this functional to closed forms on 
M in a given de Rham cohomology class and look for critical points. What we find is 
that if the critical point Q is a 3-form which lies in the open orbit everywhere, then the 
reduction of structure group is integrable in the sense that for dim M = 6 we obtain 
a complex threefold with trivial canonical bundle, and for dimM = 7 a Riemannian 
manifold with holonomy in G%- These geometrical structures are therefore simply 
critical points of the invariant functionals. 

Because the functional is diffeomorphism-invariant, every critical point lies on an 
orbit of critical points and so $ is never a Morse function. However, we show that 
formally it is a Morse-Bott function - its Hessian is non-degenerate transverse to the 
orbits of Diff(M). In the 6-dimensional case this requires the assumption that the 
complex threefold satisfies the <9<9-lemma, and in the G2 case we need an analogue of 
this lemma, which is essentially contained in J7J. This nondegeneracy can be used, 
together with a standard use of the Banach space implicit function theorem, to give 
a direct and easy proof that the moduli space of complex structures together with 
holomorphic 3-forms on a 6- manifold is locally an open set in H 3 (M, R). In particular 
we see that the moduli space of complex structures is unobstructed. The novelty of 
our approach is that the flat structure on this moduli space is apparent from the 
very beginning, and the complex structure is defined in a secondary manner. This is 
the opposite point of view from the conventional use of Kodaira-Spencer theory as in 
the work of Tian and Todorov [f[4}|,||15|. For us the complex structure on the moduli 
space carries with it the natural special pseudo-Kahler structure whose existence is an 
important ingredient in mirror symmetry 0. We carry out the same process for Gi- 
manifolds and show that the moduli space is isomorphic to an open set in H 3 (M, R) 
with an indefinite metric of Hessian type, completing a line of thought due to Joyce 
1- 

The structure of the paper is as follows. In Section 2 we consider the linear algebra of 
the vector space A 3 Vl^* where W is 6-dimensional. The essential point is that over the 
complex numbers, a generic 3-form is the sum of two decomposable ones. In Section 
3, we see this algebra from the point of view of symplectic geometry, regarding A 3 T4^* 
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as a symplectic vector space under the action of SL(W). This viewpoint is extremely 
useful for studying the variational problem. Section 4 is a detour into the realm of self- 
duality. With an inner product of signature (5, 1) on W, we can define self-dual and 
ant i- self- dual 3-forms, and some of the linear algebra assumes a much more concrete 
form. Moreover, we see a setting here for the equation of motion for a self-interacting 
self-dual tensor, a nonlinear equation of some current interest to physicists. In Section 
5 we introduce the invariant functional on 3-forms on a 6-manifold, and relate the 
critical points to integrable complex structures. In Section 6 we prove Morse-Bott 
nondegeneracy formally, and then use a Sobolev space model to prove rigorously that 
an open set in H 3 (M, R) is a local moduli space. Section 7 is concerned with carrying 
out the parallel programme for G 2 -manifolds. 

The author wishes to thank Robert Bryant for explaining the algebra behind SL(3, C) 
and G 2 and Patrick Baier for useful discussions. 

2 Linear algebra 
2.1 The complex case 

Let V be a 6-dimensional complex vector space and A 3 V* the 20-dimensional vector 
space of alternating multilinear 3-forms on V. Take Q G A 3 V* and v G V and the 
interior product l(v)Q G A 2 V*. Then t(v)Q A Q G A 5 V*. On the other hand, the 
natural exterior product pairing V* <g> A 5 V* — > A 6 V* provides an isomorphism 

A : A 5 V* ^V® A 6 V* 

and using this we define a linear transformation Kq : V — > V <S> A 6 V* by 

Kn(v) — A(l(v)Q A Q) (1) 

Definition 1 Define A(Q) G (A 6 V*) 2 by 

X(n)= 1 -trK 2 n 

Using A(f2) we have the following characterization of "non-degenerate" elements in 
A 3 V*: 
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Proposition 1 For Q G A 3 V* , A(0) ^ if and only if Q = a + (3 where a, (3 are 
decomposable and a A (3 ^ 0. The 3-forms a, (3 are unique up to ordering. 

Proof: Let v%, . . . , Vq be a basis of V and 9%, ... ,9$ G V* the dual basis. Take 

(p = 9i A 2 A 3 + 4 A 5 A 6 . 
Let e = 0i A . . . A 06 be the associated basis vector for A 6 V*. We find easily that 

KpVi = (i = 1, 2, 3), K v Vi = -v { e (i = 4, 5, 6), (2) 

and 

AM = e 2 (3) 

Now if Q = a+(3 where a, f3 are decomposable then a = £i A^2 A^ and (3 = rji Ar/2 Ai] 3 
and the condition a A/3 ^ implies that {£i, £ 2 > £3, ?7i> f}z, ^3} forms a basis for V*. 
Thus by an element of CrL(V), f2 can be transformed to (p. Since \(<p) is non-zero 
from (0), so is \(Q). 

If we transform <p by we find 

K;<p = (0 a A6 2 A 3 - 04 A 5 A 6 )e 3 

and so 

K^tp + eV = 2(0i A 2 A 3 )e 3 

Thus we see that K*<p + X((p) 3/2 (p G A 3 V* <g> (A 6 ^*) 3 is decomposable, for each choice 
of square root of \(<p). Moreover, we have 

if>A^ = 2e 4 = 2A(^) 2 (4) 

Let G C GL(V) be the stabilizer of (p. Each element of G commutes with K v and 
so preserves or interchanges the two subspaces spanned by t>i,t>2,t>3 and t>4,t>5,t>6 
respectively. The identity component Go preserves them, and the nonvanishing 3- 
forms 0i A 2 A 3 and 4 A 5 A 6 defined on them, and so is isomorphic to a subgroup 
of SX(3,C) x 5L(3,C). Thus 

dim G < dim(SL(3, C) x SL(3, C)) = 16. 

But dimGL(V) = 36 so the dimension of the orbit is at least 36 — 16 = 20. 
Since dimA 3 V^* = 20, the orbit is open and the stabilizer must actually be equal 
to SX(3,C) x SX(3,C). 
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For the converse, note that the algebraic condition (Q) and the decomposability of 
K* n Vt + \(tt) 3/2 tt hold on the open orbit and therefore hold everywhere. Thus in 
general we have decomposable (possibly zero) forms a, (3 G A 3 V* with 

\{Q) 3/2 Q + K^Q = 2\{Q) 3/2 a 
\{Q) 3/2 tt - K^Q = 2\{Q) 3/2 (3 

and so if A(O) ^ 

tt = a + fJ, K^tt = \{Q) 3/2 {a- (3) (5) 
From §), K^l AQ = 2A(fi) 2 ^ but also from (§) 

KqQ a n = 2\(n) 3/2 a a /? 

so a A /3 7^ as required. 

By construction, a and /3 are unique given the choice of square root of □ 

Remark: The proposition tells us that the open set X(Q) ^ is the orbit of the 
3- form ip = 6*i A 9 2 A 6 3 + # 4 A 9 5 A 6* 6 under the action of We can therefore 

deduce properties of Q from those of <p. For example, from (Q) and (|3]) it follows that 

tvK n = (6) 
Kl = A(0)1 (7) 

2.2 The real case 

Now suppose that W is a rea/ 6-dimensional vector space and Q G A 3 W*. In this 
case X(Q) G (A 6 iy*) 2 is real. If L is a real one-dimensional vector space, we say that 
a vector u <E L ® L = L 2 , is positive (w > 0) if u = s <g> s for some s E L and negative 
if -u > 0. 

Proposition 2 Suppose that A(fi) 7^ /or G A 3 iy*. Then 

• A(f2) > if and only ifQ = a + j3 where a,j3 are real decomposable 3-forms and 
aA^O 

• A(f2) < if and only if Q = a + a where a G A 3 (W* ® C) is a complex 
decomposable 3-form and aAa/fl 
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Proof: Let V = W ® C be the complexification of W. From Proposition [I], 
Q = a + (3 for decomposable complex 3-forms. Since Q is real, and a, [3 are unique 
up to ordering, complex conjugation must preserve the pair and there are only two 
possibilities: either a and (3 are both real or (3 = a. 

To decide which holds, recall that the definition of a and (3 in the proof of the 
proposition was 

n + \(ny 3/2 K^n = 2a 

Q- X(Qy 3/2 K^Q = 2(3 

Thus if A(fi) > 0, A(fi) 1 / 2 is real and a and (3 are real, and if A(f2) < 0, the square 
root is imaginary and a and (3 are complex conjugate. □ 

We deduce from Proposition ^| that if Q is real and \(Q) > 0, then it lies in the 
GL{W) orbit of 

<p = 1 A 2 A 3 + 6» 4 A 6» 5 A 6 

for a basis 0i, . . . , 6 of and if A(fi) < in the orbit of 

<p = a + a, a = (6 1 + i6 2 ) A (0 3 + z0 4 ) A (0 5 + i0 6 ) (8) 

Thus the 20- dimensional real vector space A 3 P^* contains an invariant quartic hyper- 
surface X(Q) = which divides A 3 W* into two open sets: A(O) > and X(Q) < 0. 
The identity component of the stabilizer of a 3-form lying in the former is conjugate 
to SL(3, R) x SL(3, R) and in the latter to SL(3, C). 

Choose now an orientation on W: this is a class of bases for the one-dimensional 
vector space A 6 W*. We then have a distinguished ordering of a and (3 or a and a, 
by the condition that a A (3 or za A a lies in the orientation class. 

Definition 2 Let be oriented andQ e A 3 !^* 6e suc/i t/iat A(i7) 7^ 0. Then, writing 
Q in terms of decomposables ordered by the orientation, we define Q G A 3 ^* by 

• if X(Q) > 0, and Q = a + (3 then Vt = a - (3 

• if X(Vt) < ; and Q = a + a then Cl = i(a — a). 

Note that Q = —Q in both cases. The complementary 3-form Q has the defining 
property that if A(f2) > then Q + Cl is decomposable and if A(f2) < 0, the complex 
form Q + iQ is decomposable. 



6 



In this paper we shall be mainly concerned with the open set 

U = {Qe A 6 W* : A(fi) < 0} 

As we have seen, the stabilizer of Q G U is conjugate to SL(3, C) so U is just the 
homogeneous space GL + (6, R)/5X(3, C). This is the space of complex structures on 
R 6 together with a complex-linear 3-form. Here it appears, exceptionally, not as a 
homogeneous space but as an open set in a vector space. In concrete terms, the real 
3-form Q determines the structure of a complex vector space with a complex 3-form 
on the real vector space W as follows. 

From (|7|) we have Kq = A(0)1 so if A(f2) < 0, we define the complex structure Iq on 
W by 

In = , 1 Kn (9) 

The real 3-form Q is then the real part of the complex form of type (3, 0) 

n c = Q + itt (10) 

We also have 

tt Att = 2y/-\(£l) (11) 

These statements can be proved simply by checking for (p in (|8p since U is an orbit. 

We have described here the linear algebra of 3-forms in 6 dimensions. It will be useful 
also to describe the same objects in symplectic terms, which we shall do next. 



3 Symplectic geometry 
3.1 The moment map 

Choose a non-zero vector e G A 6 W*, and consider the group of linear transformations 
SL(W) C GL(W) preserving e. 

First note that A 3 W* is a symplectic vector space with the symplectic form ui defined 
by 

w(fi 1 ,n 2 )e = o 1 An 2 eA 6 r (12) 

This is invariant under the action of SL(W), which is simple, and so we have a well- 
defined moment map \i : A 3 W* — > sl(W)* where sl(W), the Lie algebra of SL(W), 
is the space of trace zero endomorphisms of W. If we identify the Lie algebra s[(W / ) 
with its dual using the bi- invariant form tr(XY), then we can characterize the linear 
transformation Kq defined in (0) as follows: 
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Proposition 3 The moment map for SL(W) acting on A 3 !^* is given by 



Proof: If V is a symplectic vector space with symplectic form u, the Lie algebra 
Sp(V) of Sp(V) is Sym 2 (V*) the space of homogeneous quadratic polynomials on V. 
This is the space of Hamiltonian functions for sp(V). Concretely, given a G sp(V), 
we have the corresponding function 



and the moment map \i is defined by 

tT(/i(v)a) = Ha(v) 

In our case a G sl(W / ) defines p(a) G sp(A 3 W*) via the exterior power representation 
and from (pD and fllf) 

Using a basis toi, . . . , We of and its dual basis Oi, . . . ,9 6 we write 



H a {v) = uj(a(v),v) 



(13) 




and then the Lie algebra action is 




(14) 



so that 




(15) 



But from the definition of in ([!]) 



9 AL(w)QAQ = 9(K Q ( y w))e 



for any 9 G W* so from (]T5|), 



Y J ^9 ] {K n {w i ))=ti{aK n ) 



which proves the proposition. 



□ 
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Remark: Note that A(0), which (by trivializing A 6 W^* with e) is now an SL(W)- 
invariant function, is just given by 

A(fi) = itr(M^) 2 ) 

and thus A(O) has a natural symplectic interpretation. Its exceptional property is 
that SL(W) acts transitively on the generic hypersurface tr(/i(f2) 2 ) = const. If we 
ask this of a general symplectic representation we obtain a finite list of possibilities 
which appears in the classification of symplectic holonomy groups in . This is the 
symplectic analogue of the fact that irreducible Riemannian holonomy groups are the 
compact groups which act transitively on spheres. We hope to study the analogous 
special geometry associated to these other cases in subsequent papers. 



3.2 The Hamiltonian function 

The symplectic form restricts to the open set U to define the structure of a symplectic 
manifold. On U, X(Q) < 0, and we define 

so that is a smooth function here, homogeneous of degree 2. We can then rewrite 
(|) as 

K n = (f>In 

and (|TT|) as 

tt A tt = 2<pe (16) 

Note that from (ITBp we have 



2(j){tt)e = ttAtt = -ttAtt = ttAtt 

and so 

The function defines a Hamiltonian vector field on U. Since U is an open set 
in the vector space A 3 W*, we may consider the vector field as a function 

Xf.U -> A 3 W* 

and then we have: 
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Proposition 4 Let Q i— > Cl be the transformation of Definition 2, then 

x^n) = -Q. 

Proof: Write Q = a + at in terms of complex decomposables. Then from (|16|) 

2<fie = Q A Q = 2ia A a 

and so 

(fie = id A a + iot A a (17) 

Now if a = Q\ A #2 A 6*3 is a smooth curve of decomposables, on differentiation we see 
that 

a = 0\ A 6 2 A 3 + 0i A 2 A 3 + 0i A 2 A 3 
and so a A a = 0. Hence 

a;(i(a — a), a + d)e = i(a — a) A (d + a) = ia A a + ia A a 

and so from (|17|) we can write 

(fie = u{i{a — d), a + d)e = —u(Cl, fl)e 

Since the Hamiltonian vector field is defined by the property l^X^uj = d<fi we have 
our result. □ 

Remark: If we regard U as parametrizing complex structures on W together with 
(3, 0) forms then we have an obvious circle action Q + iCl h-* e t0 (Q + iCl). The real 
point of view we are following here describes this as an action on the real parts which 
is 

Q 1— > cos 9 Q — sin 9 Cl 

and differentiating at 9 = we see that this action is generated by the vector field 
= —Q. The position vector (or Euler vector field) Q integrates to give the Fr- 
action Q 1 — > Xfl and the two define the action of multiplying the complex form Q + iQ 
by C*. 

3.3 The complex structure on U 

Proposition 5 The derivative J = DX^ e End(A 3 iy*) of X^ : U -> A 3 W* at Q 
satisfies J 2 = —1 and defines an integrable complex structure on U . 
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Proof: We have seen that Cl = —Q and = — fl, so it follows that (DX^) 2 = — 1. 
This is an almost complex structure. 

To prove integrability, it is easiest to use flat coordinates Xi,...,x 2 o on U. The 
symplectic form can be written u = Y^ a b ^apdxa A dxp with u a/3 constant. Let u alS 
be the inverse matrix. In these coordinates, since is the Hamiltonian vector field 
of 6, the matrix of J = DX& is 







2, 



dXrydXp 

I 

Following P , we define the complex functions z\ , . . . , Z20 by 



Z a = X a — l > it) 







OX/3 



Then 



Now 



d 2 (p 

dzcv — djX r~v ^ / it) ~~~~ ~ dx ^ — dx r\ % / J dxr*. 

/9,7 



J{dz a ) = Jp(dxp — i J^dx^) = Jpdxp + idx a = idz a 

8 I 3 

so g?z q is of type (1,0). Since cfe a +<iz a = 2dx a spans the cotangent space at each point, 
we can find 10 independent functions amongst these which are local holomorphic 
coordinates for U. □ 

At each Q we have the natural complex structure J on the vector space A 3 !^* but W 
itself is also complex with respect to Iq. Take the type decomposition of A 3 jy* ® C 
with respect to Iq: 

A 3 W* ® C = A 3 ' © A 2 ' 1 © A 1 ' 2 © A ' 3 . 



Proposition 6 The complex structure J = i on A 3 ' © A 2 ' 1 and —i on A 1,2 © A 0,3 . 

Proof: Given a G sl(VK) let X a be the vector field on A 3 ^* induced by the action. 
This is a linear action. This means that DX a = p(a) where p is the representation at 
the Lie algebra level, and X a = p(a)Q where Q is the position vector. 
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Now is invariant under SL(W) so [X a , X^] = 0, thus 

J(X a ) = DX+(X a ) = DX^) = p{a)X <j) (19) 
But X^ = —Cl from Proposition [|, and X a = p(a)Q, thus (|19"D can be written 

J(p(a)n) = -p(a)Cl 

and since J 2 = —1, 

J(p(o)(fi + ifi)) = -/£>(a)(0 - in) = ip(a)(n + iCl) (20) 

From (HD 

p(a)(0 + zQ) = 5^4% A t(wf)(fi + ifi) 
and since n + iQ is of type (3, 0), this is of type (3, 0) + (2, 1). The complex structure 



J acts on it as i from (|20|) . 



Consider J acting on the vector field Q. We use (|T8|) to calculate 

0,7 7 p 7 7 

since 0(0) is homogeneous of degree 2 and so d<j)/dx a has degree 1. It follows that 
J {ft + iCl) — i(n + iCl) so J acts as z on forms of type (3, 0). 

Now SL(W) has orbits of real codimension one, and the position vector field Q 
is transverse to the orbit so any vector of type (3, 0) + (2, 1) is a complex linear 
combination of a vector p(a)(n + in) and n + iCl and hence is acted on by J as %. □ 



3.4 Special geometry of U 

We have actually derived here a certain geometric structure on the open set U - a 
special pseudo-Kahler metric. Recall from |3[] the definition: 

Definition 3 A special Kahler manifold is a complex manifold M with complex struc- 
ture J G f2 1 (T) such that 

• there is a Kahler metric g with Kahler form u 

• a fiat torsion-free connection D such that 
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• Dui = and 



• d D J = 06O 2 



(M,T) 



Proposition 7 The open set U C A 3 W* has an SL(W) -invariant special pseudo- 
Kahler structure of Hermitian signature (1,9) and X^ is an infinitesimal isometry of 
the metric. 

Proof: Firstly, U is given as an open set in a symplectic vector space, so we take 
the flat torsion-free connection as the ordinary derivative D. The complex structure 
J is given by J = DX^ = d^X^, so 



since D is flat. For a pseudo-Kahler metric, the metric and symplectic form are 
related by 



We need to determine the signature of the corresponding Hermitian form. 

From Proposition ||, the (1, 0) vectors for J are A 3,0 © A 2,1 and the symplectic form 
lj is 

Now if 61,62, 63 form a basis for A 1 ' , 

6>i A 6 2 A 6 3 A 6 X A 6 2 A 3 = -6>i A 6 2 A 3 A 0i A 6 2 A 3 

so the Hermitian form on A 2 ' 1 has the opposite sign to that on the 1-dimensional 
space A 3 ' . But the metric applied to the position vector field Q (which is the real 
part of a vector in A 3 ' ) is 



d D J = <P D Xt = 



g(X,Y)=u J (JX,Y). 
But u( JQi, Q2) is given in flat coordinates by 




from (IS). This is symmetric and hence defines a metric 
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since <fi is homogeneous of degree 2. Since is positive, the metric is positive on A 3,0 
and hence has signature (1,9). 

The vector field X<f> integrates, as we have seen, to the circle action VL + iVt i— > e ie (Vt + 
iQ). This changes the complex 3-form, but not the underlying complex structure Iq. 
From Proposition [], the complex structure J on U only depends on Iq, so that the 
circle action preserves J. By definition is symplectic, so it preserves the metric 
too. □ 

Remark: The C* action generated by the vector fields = Cl and Q is holomorphic 
and the quotient has (see ||) a projective special Kdhler structure. This space in our 
case is the space of complex structures on R 6 compatible with a given orientation, 
the homogeneous space GL + (6, R)/GL(3, C). 

The symplectic approach of this section will be especially useful in analyzing the 
variational problem, but we take a short detour first to investigate a little more the 
linear algebra of 3-forms in 6 dimensions. 



4 Self-duality of 3-forms 
4.1 Lorentzian self-duality 

We point out here how the geometry of 3-forms in six dimensions can be interpreted 
in the presence of a Lorentzian metric. This will shed some light on the nonlinear 
map f2 i — ► Cl and also explain the setting for a nonlinear equation of some current 
interest in theoretical physics. 

Suppose then that the 6-dimensional real vector space W has a metric of signature 
(5, 1). The Hodge star operator 

* : A 3 W* -> A 3 W* 

is defined by the basic property 

a A *p = (a,P)e (21) 
where e G A 6 W* is the volume form. 

Example: If eo,ei,...,es is an orthogonal basis of W* with (eo,eo) = —1 and 
(ej, ti) = 1 for 1 < i < 5, then with e = e A e\ A . . . A e$, we have 

*e A e\ A e 2 = — e 3 A e 4 A e 5 
*e 3 A e 4 A es = — eo A t\ A e 2 
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The star operator just defined has the property * 2 = 1 and we can decompose A 3 iy* 
into the ±1 eigenspaces of * - the self-dual and anti-self-dual 3-forms: 

A 3 W* = A+ © A_ 

If (3 = 6i A 9 2 A 6*3 is a non-zero decomposable 3-form, let ip%, <p 2 , p 3 be a basis for the 
3-dimensional space orthogonal to that spanned by 9i,9 2 ,9 3 . Then from the definition 
of the Hodge star fl2~T|) , we see that a A */3 = for any 3-form a of the form ip^ A p. 
This means that *(3 is a multiple of (p\ A (p 2 A <^ 3 . Thus, as in the example above, 
the Hodge star takes decomposable 3-forms to decomposable 3-forms. Geometrically 
it transforms a volume form on a 3-dimensional subspace to a volume form on the 
orthogonal space. 

If (3 (real or complex) is decomposable and *(3 = (3 then the space spanned by 9\, 9 2 , 9 3 
is orthogonal to itself and hence isotropic. 

We see next that real self-dual 3-forms lie on one side of the hypersurface A(f2) = 0: 

Proposition 8 Let Q G A 3 W* be self-dual then \(Q) > and if > then 

Q = a + *a where a G A 3 ! 7 ^* is decomposable. 

Proof: Suppose A(f2) < 0, then from Proposition [[], Q = a + a with a = Q\ A 6 2 A 9 3 
and 6i complex. These span the (1, 0) forms for the complex structure Jq. Since * 
is linear and a, a are unique up to ordering, the self-duality condition implies that 
either 

*a = a or *a = a. 

In the first case, the space of (1, 0) forms is isotropic, so we have a pseudo-hermitian 
metric. This must have real signature of the form (2k, 6 — 2k) and not (5, 1). 

In the second case the 9i are orthogonal to the 9j so the metric is of type (2, 0) + (0, 2) 
and so the signature must be (3, 3) and not (5, 1). 

We conclude that X(Q) > and from Proposition [1], Q = a + (3 for real decomposable 
forms a,j3. Since *Q = Q we must have either *a = a and *(3 = (3 or *a = (3. The 
first implies that there is a real isotropic 3-dimensional subspace which is impossible 
in signature (5, 1) so the second condition holds, as required. 

Note that since a A (3 7^ 0, the two 3-dimensional subspaces of W determined by a 
and (3 span W . Since they are orthogonal, one must have signature (2, 1) and the 
other (3,0). □ 

Remark: We see from the proposition that Q = a + *a where a and *a are 
decomposable. The signature of the two 3-dimensional subspaces gives us a means of 
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distinguishing a and *a and hence an ordering. The formula (|2~I| ) tells us that 

a A*a = (a, a)e 

so if the metric on the 3-dimensional subspace of W determined by a is of signature 
(2, 1) (or equivalently (a, a) > 0) then this is the ordering determined as in Section 
2 by the orientation. 

Since for a self-dual form X(Q) > 0, and Q = a + *a, by the definition of the map 
Q fl we have 

Q = a — *a 

hence 

Proposition 9 If Q is self-dual Cl is anti- self- dual. 

Thus Q i— > Q is a nonlinear map from an open set of the space A + to A_. We define 
in this case 

to be the positive square root. 
4.2 Lagrangian aspects 

There is a symplectic interpretation also to self-duality. First recall that the symplec- 
tic form uj on A 3 W* is defined by oj(Qi, f2 2 )e = Qi A 2 . We have 

Proposition 10 The subspaces A + ,A_ C A 3 H^* of self-dual and anti- self- dual 3- 
forms are Lagrangian. 

Proof: Suppose f2 1; f2 2 are self-dual then 

Q,i A fi 2 = ^i A *n 2 = (Oi, fi 2 )e 

and similarly fl 2 A Qi = (0 2 , fi 1 )e. But (Ox, fi 2 ) — (^2, ^i) and f^i A f2 2 = — Qi A f2 2 
so fli A fi 2 = 0. The same argument gives the anti-self-dual version. □ 

From this result, the symplectic pairing identifies A_ with the dual space Al. We 
then obtain: 
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Proposition 11 The map £1 \— * 0, from A + to A_ = A*j_ is the derivative of —(f) 
restricted to A + . 

Proof: We saw in Proposition || that — Cl = the Hamiltonian vector field gener- 
ated by the function 0. Let fl be tangent to A + , then 

d(f)(tl) = LuiXtf,, Cl) 

But this pairing identifies A_, in which Xs = —Cl lies, with Al, hence the result. □ 



From (|T0|) and (11) we see that the subset 

L = {VI + Cl G A + © A_ : A(O) > 0} 

is the Lagrangian submanifold generated by the invariant function —cf). If f(x) is an 
arbitrary smooth function, then the form 

n + f((j))Ci 

where Q is self-dual, lies on the Lagrangian submanifold generated by g(<p) where 
g'(x) = f(x). This is the setting for a nonlinear equation - the equation of motion 
for a self-interacting self-dual tensor in six dimensions - which appears in the physics 
literature |J in the context of M-theory five-branes. Explicitly these equations are: 

dH = d(H + + H„) = 

where H + , H_ are the self-dual and anti-self-dual components of the 3-form H, and 



(H + ) abc = Q h 



abc 



(HJ) ahc = Q l k^hdbc 

where 
and 

Q= l--trk 2 . 

The equations say in our language that H_ is proportional to H + . They can be put 
in the form 

d(n + f((j))Ci) =o 

for a particular function /(</>). 

If we replace the nonlinear Lagrangian submanifold which defines this equation by the 
linear one A + then we just obtain the self-dual "Maxwell equations" in six dimensions. 
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4.3 Spinor formulation 

For self-dual forms, the function <fr and the nonlinear map Q i— > & also have a concrete 
representation using 2-component spinors. We recall the special isomorphism 

Spzn(5,l) = SL(2,H). 

The two spin representations in this signature are dual 4-dimensional complex vector 
spaces S and S* with a quaternionic structure, and then 

A+ S 5?/m 2 S*, A_ S 5?/m 2 S 

are the real 10-dimensional spaces of self-dual and anti-self-dual 3-forms. Thus a 
self-dual 3-form can be interpreted as a symmetric linear map 

A : S -> 5*. 

The quartic invariant function A must be a multiple of the only SL(4, C) quartic 
invariant of A, namely the determinant: 

X(A) = 4 det A. 

We find now the following simple expression for Cl: 

Proposition 12 • If A G Sym 2 S* represents a self-dual 3-form Q then 

Cl = Vdet AA- 1 G Sym 2 S. 

• If B G Sym 2 S represents an anti- self- dual 3-form Q then 



Q = - Vdet AA" 1 G Sym 2 ^ 



Proof: We use Proposition |TTJ. We have the standard identity for differentiating 
the determinant: 

-^-jd{detA)(A) = d(logdet A){A) = tr^T 1 !) 

and so since cf) = VA = 2 Vdet A, 

= rf(2Vdet Z)(i) = tr(Vdet AA^A) 

and taking tr(AB) to be the natural pairing between Sym 2 S and Sym 2 S* we have 
the result for self-dual forms. The second result follows from Cl = —Q. □ 
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The isomorphism Spin(5, 1) = SL(2, H) is fundamental in the twistor theory of the 
4-sphere. The group SO(5, 1) acts as the conformal transformations of S 4 defined 
by the quadric Xq = x\ + . . . + x\ in RP 5 = P(W) and SL(2, H) as the projective 
transformations of the twistor space CP 3 = P(S) which commute with the real 
structure. The 4-sphere parametrizes this way the real lines in CP 3 . Now a self-dual 
3-form with X(Q) > can be written Q = a + *a where a defines a 3-dimensional 
subspace of W with signature (2, 1). The corresponding plane in RP 5 intersects S* 4 
in a circle. On the other hand the quadratic form A representing Q defines a quadric 
in CP 3 . This geometry comes to the fore in particular in the study of the moduli 
space of charge 2 instantons [|J. 

Note that in the twistor interpretation, a quadratic form A with det(A) ^ defines 
a nonsingular quadric in CP 3 . From (|TJ) the map Q i— > Cl is then nothing more than 
replacing a quadric by the dual quadric. 

5 An invariant functional 
5.1 Critical points 

We return now to the mainstream of our development. Let M be a closed, oriented 
6-manifold. A global 3-form Q on M defines at each point a vector in A 3 T* and so a 
global section A(fi) of (A 6 T*) 2 . We take |A(fi)|, which is a non- negative continuous 
section of (A 6 T*) 2 , and the square root (a section of A 6 T*) which lies in the given 
orientation class. Thus a/|A(£7)| is a continuous 6-form on M, which is smooth 
wherever A(fi) is non-zero. We define a functional $ on C°°(A 3 T*) by 



J M 

Since A : A 3 T* — > (A 6 T*) 2 is GL(Q, R)-invariant, $ is clearly invariant under the 
action of orientation-preserving diffeomorphisms. 

The functional $ is homogeneous of degree 2 in Q, just like the norm square of a 
form using a Riemannian metric and it is natural to try and apply "non-linear Hodge 
theory" - to look for critical points of $ on a cohomology class of closed 3-forms on 
M. We find the following: 

Theorem 13 Let M be a compact complex 3-manifold with trivial canonical bundle 
and Q the real part of a non-vanishing holomorphic 3-form. Then Q is a critical point 
of the functional $ restricted to the cohomology class [Q] G H 3 (M, R). 




(22) 
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Conversely, if Q is a critical point on a cohomology class of an oriented closed 6- 
manifold M and X(Q) < everywhere, then Q defines on M the structure of a complex 
manifold such that Q is the real part of a non-vanishing holomorphic 3-form. 

Proof: Choose a non-vanishing 6-form e on M and assume that Q is a closed 3-form 
with X(Q) < (as is the case for the real part of a holomorphic 3-form). Writing 



\(0) 



we have 




Since A(f2) 7^ 0, is smooth so take the first variation of this functional: 




(23) 



From the symplectic interpretation, d<p(Q) 



uj^Xf/,, fl) and = —Cl, so that 



d(f)(n)e 



and therefore (|23|) gives 




(24) 



We are varying in a fixed cohomology class, so 
this in the integral, we have 



dtp for some 2-form ip. Putting 




by Stokes' theorem. Thus 5$ = at f2 for all ip if and only if 



dVt = 0. 



If M is a complex manifold with a non-vanishing holomorphic 3-form + ifi then 
since a holomorphic 3-form is closed, dfl = dfl = and so Q is a critical point for $. 

Conversely, assume that d(Q + iCl) = and < 0. Then a complex 1-form 9 is of 
type (1,0) with respect to the almost complex structure In if and only if 



6 A (fi + ifi) = 0. 



20 



Taking the exterior derivative 

d9 A (fi + ifi) = 

which means that dd has no (0, 2) component. But from the Newlander-Nirenberg 
theorem this means that Iq is integrable. Since (Q + iCl) is of type (3, 0), 

= d(tt + ifl) =d(tt + itt) 

and so is holomorphic. □ 

Example: A Calabi-Yau threefold is by definition a Kahler manifold with a covariant 
constant (and hence nonvanishing) holomorphic 3-form, and so its complex structure 
appears as a critical point of the functional. These are perhaps the most interesting 
and plentiful examples. On the other hand, at the opposite extreme from the Kahler 
case are the non-Kahler complex threefolds with trivial canonical bundle which are 
diffeomorphic to connected sums of k > 2 copies of S 3 x S 3 (see 0). 

5.2 Nondegeneracy 

Since the functional $ is diffeomorphism invariant, any critical point lies on a Diff (M)- 
orbit of critical points and so cannot be non-degenerate. We can ask however if it 
is formally a Morse-Bott critical point i.e. if its Hessian is nondegenerate transverse 
to the action of Diff(M). The next proposition gives conditions under which this is 
true: 

Proposition 14 Let M be a compact complex 3-manifold with non-vanishing holo- 
morphic 3-form Q + ifl. Suppose M satisfies the dd-lemma, then the Hessian o/$ is 
nondegenerate transverse to the action of DiS(M) at Q. 

(Recall that the <9<9-lemma holds if each exact p-form a satisfying da = and da = 
can be written as a = dd/3 for some (p — 2)-form (3. This is true for any Kahler 
manifold, but also for the non-Kahler examples above.) 

Proof: We need the second variation of the functional 

$(0) = f 0(O)e. 

Since depends only on the value of Q at a point and not its derivatives we obtain 
the Hessian 

5 2 $(Q 1 ,{1 2 )= [ J D 2 0(fi 1 ,fi 2 )e 
Jm 
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but from the Hamiltonian interpretation we can write this as 

5 2 ^(ti u ti 2 ) = [ DX^tlx) Ati 2 = [ JtiiAti 2 (25) 
Jm Jm 

We want to study the degeneracy of the Hessian, so suppose that 5 2 Q(tii, ti 2 ) = for 
Cli = dip and all ti 2 = dip. Then from Q2"5D 

= / J dip A dtp — - / dJdip A tp 
Jm Jm 

by Stokes' theorem. This holds for all 2-forms tp, which implies 

dJdip = 0. 

Thus to prove the theorem we should deduce from this that dip is tangent to the 
Diff(M) orbit through ti. 

The tangent space to the Diff(M) orbit is the space spanned by Cxti for a vector 
field X. We have 

C x ti = d(i(X)ti) + L(X)dti 

but since ti is closed, these are the 3-forms d(i(X)ti). Since ti is the real part of 
a non-vanishing (3, 0) form, the 2-forms t(X)ti are precisely the real sections a of 
A 2,0 © A 0,2 . 

The theorem follows from the following lemma: 

Lemma 15 Let M be a compact complex 3-manifold with non-vanishing holomorphic 
3-form which satisfies the dd -lemma, then dip is tangent to the Diff(M) orbit of ti if 
and only if dJdip = . 

Proof: If ip is of type (2, 0) then dip E C 00 ^ 3,0 © A 2,1 ) and then from Proposition 
|6], dJdip = d(idip) = id 2 ip = 0. Thus dJdip = 0. 

Conversely, suppose dJdip = 0. Since we have just seen this holds for all ip of type 
(2, 0) + (0, 2) assume ip has type (1, 1). Then dip = dip + dip where dip, dip are of type 
(2, 1), (1, 2) respectively. From Proposition ||, 

= dJdip = iddip — iddip = 2iddip. 

This means that ddip = ddip = and so applying the <9<9-lemma to dip we can write 

dip = idd'j 



22 



for a real 1-form 7. Writing 7 = 9 + 9 where 9 is of type (1, 0), we have 



d^ = iddj = idd(9 + 9)= d{i(d9 - 09)) 



Since i(d9 — 89) is real and of type (2, 0) + (0, 2) this proves the lemma. 



□ 



At a formal level what we have proved here is that if we consider the invariant 
functional $ as a function on the quotient of a cohomology class by Diff(M), then it 
has a non-degenerate critical point at a 3-form Q which defines a complex manifold 
with trivial canonical bundle. We then expect that nearby cohomology classes will also 
have non-degenerate critical points and that an open set in H 3 (M, R) will parametrize 
the moduli of such complex structures, (together with holomorphic 3-forms). This is 
true in all dimensions by the results of A. Todorov |L5| and G. Tian fHf , but we shall 
give next a direct treatment in three dimensions from our variational point of view. 

6 The moduli space 
6.1 Sobolev spaces 

If f(x,t) is a smooth family of functions / : R m x R n 1— > R such that f(x, 0) has a 
non-degenerate critical point at x — 0, then there is a neighbourhood U x V of (0, 0) 
such for each t G V, f(x, t) has a unique non-degenerate critical point in U. To prove 
this, we just apply the implicit function theorem to the map 



We shall use this argument next in a Banach space context to translate the formal 
results of the last section into a concrete construction of a moduli space. 

Take a 3-form Q on M defining a complex structure satisfying the <9<9-lemma, and 
choose a Hermitian metric. We take a slice for the Diff(M) action at Q by looking 
at the space of closed forms which are orthogonal to the orbit of Q. Recall that the 
tangent space of the orbit consists of forms dip where ip is real and of type (2, 0) + (0, 2), 
so using 



(x,t) h-> D x f. 
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orthogonality is the condition 

(d*a) 2 >° = 0. 

We shall work with Sobolev spaces of forms L^(A P ), choosing k appropriately when 
required. So let E be the Banach space 

E = {a G L 2 k (A 3 ) :da = and (d*a) 2fi = 0}. 

First we show that L 2 orthogonal projection onto E is well-behaved in the Sobolev 
norm. 

Let G be the Green's operator for the Laplacian A on forms. Then elliptic regularity 
says that 

G : L 2 k (An -> L 2 +2 (A p ) 
and for any form a we have a Hodge decomposition 

a = H(a) + d(d*Ga) + d*(Gda) (26) 

where H(a) is harmonic. So given a G Ll(A 3 ) define first the form a\ G -^(A 3 ) by 

«i = H(a) + d(d*Ga). 

This is an L 2 orthogonal projection to closed forms in the same Sobolev space. To 
further project onto E we want to find a form 9 of type (2, 0) such that 

oi-i = oil + d(0 + 6) 

satisfies (d*a 2 ) 2 >° = 0. Write 

cfGa = p + v + v G £jl +1 (A 2 ) 
where p is of type (1, 1) and v of type (2, 0). Then with ip = 9 + v we want 

(d*d(p + ^ + tP)) 2 ' = 

or, decomposing into types, 

<9*<9p + <9*<9^ + d*dip = 

or equivalently 

(d*d + <9*<9)V = -<9*<9p (27) 

Now (9*9 + <9* <9 is elliptic. Indeed it is the sum of two non- negative second order 
operators d*d and 8*8 and the latter is itself elliptic on (2, 0) forms. The null space 
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consists of (2,0) forms ip satisfying dip = dip = (the holomorphic 2-forms). It 
follows that for each ip in this null-space 

/ (d*d P ,ip)= [ (pM)=Q 

Jm Jm 

and so given p, we can solve the equation ( ^7|) for ip. Using the Green's operator for 
d*d + d*d, we find 9 G L 2 k+1 (k 2 ) as required. 

Thus a 2 = ai + d{6 + 6) G L|(A 3 ) lies in the Banach space E, and the map a ^ a 2 
is a continuous projection, orthogonal in L 2 . 

If a is harmonic, then da = and <i*a = and so in particular (d*a) 2,0 = and 
a G E. We then split E = E\ © E 2 where E\ is the finite-dimensional space of 
harmonic forms and E 2 the exact ones in E. 

The Banach space E is L 2 -orthogonal to the orbit of Diff (M) through Q and hence is 
transversal to the orbits through a neighbourhood of Q. The functional $ is smooth 
for 3-forms a for which A(a) < at all points, so in order to define $ on E we need 
uniform estimates on a. The Sobolev embedding theorem tells us that in 6 dimensions 
we can achieve this with L 2 (A 3 ) for k > 3. Moreover in this range L\ is a Banach 
algebra and so multiplication is smooth. Thus in a Sobolev neighbourhood of Q, $ 
is a smooth function on E. Its derivative at a is given (from (^4])) by 

<5<3>(d) = — / aAa= (*a,a)e= / (P(*d),o:)e 
Jm Af Af 

where P is orthogonal projection onto E. 

The space is transverse to the Diff(M) orbits, and $ is constant on these, so its 
derivative is determined by its derivative as a function on E. We want the critical 
points of $ restricted to a cohomology class so if P 2 denotes orthogonal projection 
onto the exact forms E 2 , our critical points are the zeros of the function F : E — > E 2 
defined by 

F(a) = P 2 (*a). 
6.2 Invertibility of the derivative 

To apply the implicit function theorem, we want the derivative D 2 F : E 2 — ► E 2 to be 
invertible, where, as we calculated in the previous section, 

D 2 F(a) = P 2 {*Ja). 
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The second variation calculation (^3) shows that this is an injection for exact a. 

We now prove surjectivity. Note that if (3 is of type (2, 0) + (0, 2), P 2 (*Jdf3) = 0, so 
surjectivity for df3 G L\(h?) implies surjectivity on the transversal E 2 . We use the 
following lemma (the proof is somewhat shorter in the Kahler case): 

Lemma 16 If •y G L| +1 (A 1,1 ) is a real form which satisfies (d*d^) 2 ' = 0, then there 
exist a real form p G L^(A 3 ) with d*p = and a complex form a G L 2 k+l (k 2,2 ) such 
that 

d 7 = p + d*a + d*a. 

Proof: The condition (d*d , y) 2,0 = is equivalent to 

<9*<9 7 = (28) 
Using the Green's operator for the <9-Laplacian, we write 

d 1 = H + dGd*dy + B*Gddy = H + B*Gddy (29) 
from (P8|). Here H is the (9-harmonic component. 



Now if dd = 0, applying the dd- lemma to d9 we have d9 = ddv and so 9 — dv is 
closed. Moreover, by imposing the condition d*v = 0, if 9 G L 2 kl v G L 2 k+1 . Similarly if 
d*9 = 0, there is a form v such that ip = 9 — d*v is coclosed: d*ip = 0. Applying this to 
the harmonic part H, which satisfies d*H = 0, we have a coclosed form ip = H — d*v 
and so from (|29|) a (2, 2) form a = Gdd'j — v such that 



(97 = ip + d*a. 
Adding on the complex conjugate we obtain 

d 1 = p + B*a + d*a 

as required. □ 

To continue with surjectivity, take dj G E 2 . Since P 2 (d'y) = if 7 is of type (2, 0) + 
(0, 2), we may assume that 7 is of type (1, 1). From the lemma, we can write 

d 7 = p + B*a + d*a 

= p + (8* + d*)u + %{B* - d*)v 
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where a = u + iv. Now v is of type (2, 2) so i(3* — <9*)i> = J(<9* + d*)v = Jd*v which 
gives 

Jd*v = d'-f — p — d*u. 

Since p is coclosed, d*(p + d*u) = and thus the form p + d*u is orthogonal to all 
exact forms. Hence P 2 {Jd*v) = P2(d r y) or 

P 2 (*Jd*v) = P 2 (dj) 

and we have surjectivity. From the open mapping theorem the derivative is now 
invert ible. 

6.3 The geometry of the moduli space 

We can now apply the implicit function theorem for Banach spaces to deduce that in 
a sufficiently small neighbourhood U' of Q, the subspace / _1 (0) n U' is diffeomorphic 
to a neighbourhood of H(Q) G Ei, the space of harmonic 3- forms. Equivalently, the 
natural projection p : E — > H 3 (M, R) identifies / _1 (0) D U' with a neighbourhood £/ 
of the cohomology class [Q]. 

Taking k > 4 for the Sobolev space L^(A 3 ), we have enough regularity to use the proof 
of the Newlander-Nirenberg theorem in |TT[ to deduce that the critical points of $ on 
U' C E define a family of complex structures with trivial canonical bundle on M. We 
now have what we need: a family of critical points parametrized by U C H 3 (M, R). 

In this real approach to Calabi-Yau manifolds, the first thing we reach is a moduli 
space which is an open set in the real vector space H 3 (M, R). We expect to see a 
complex structure on this (though the reader might also appreciate Kodaira's recol- 
lection in H "At first we did not take notice of the fact that the parameter appearing 
in the definition of a complex manifold is in general a complex one..."). We shall see 
next how a complex structure arises in our formalism. 

Proposition 17 The open set U C H 3 (M, R) has the structure of a special pseudo- 
Kahler manifold of Hermitian signature (1, h 2,1 — 1). 

Proof: The construction is essentially induced from that on A 3 iy* of Section 3. In 
fact if M is a 6-torus the two are exactly the same. 

We made use of the symplectic form 
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on A 3 !^* and here we use its integrated form to define a flat symplectic structure on 
H 3 (M, R): take closed forms Qi,Q 2 with cohomology classes [fti], [ft 2 ] and define 

w([n 1 ],[n 2 ])= / Q 1 AQ 2 = ([Q 1 ]U[Q 2 ])[M\- 

J M 

By Poincare duality this is non-degenerate. 

If ft defines a complex structure then so does cos 6* ft + sin # ft so we may as well 
assume that the neighbourhood U is invariant by the circle action 

[ft] i-> cos [ft] + sin0[ft]. 

This vector field preserves the symplectic form and has Hamiltonian function 

* = ([ft] U [ft])[M]. 

From (|16D this is essentially the critical value of the functional $ at the critical point 

ft. 

The derivative of the map [ft] h- > [ft] on {7 defines an almost complex structure since 
ft = —ft, and it is integrable just as in Proposition [5[ 

All that remains is to determine the signature. Here we use the fact that the dd- 
lemma implies that the cohomology has a (p, q) decomposition. This is the argument 
we used in proving surjectivity: each <9-closed form can be made closed by adding on 
a <9-exact form. The determination of the sign is then just as in Proposition |7]. □ 

This special pseudo-Kahler structure (see @ for its origins) again has the property 
that the circle action is an isometry giving the quotient by the C* action the structure 
of a projective special Kahler manifold. This quotient forgets the choice of holomor- 
phic 3-form and is a complex manifold of dimension h 2,1 which by our construction 
parametrizes a family of complex structures on M. Since from Proposition |6|, J acts 
as i on H 2,1 , this is, as a complex manifold, the usual Kuranishi moduli space. 

7 Manifolds with holonomy G2 

7.1 Linear algebra 

We have seen above how the consideration of a diffeomorphism-invariant functional 
on the space of 3-forms on a 6-manifold leads in a natural way to complex threefolds 
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with trivial canonical bundle and the special structure of their moduli space. We 
conclude now by addressing the analogous question in 7 dimensions. 

Let W be a 7-dimensional real vector space, and A 3 iy* the 35-dimensional vector 
space of alternating multilinear 3-forms on W . Take Q G A 3 VT* and v , w G W and 
the interior products l(v)Q, l(w)Q G A 2 W*. Then define B n : W <g> W — > AW* by 

6 

Since 2-forms commute this is symmetric in v , w. It is a symmetric bilinear form 
on W with values in the one- dimensional space A 7 W*, so it defines a linear map 
K Q : W -> ® A 7 W* and we then have 

det G (A 7 !^*) 9 . 

Since the exponent 9 is odd, if det Kq, ^ then it defines this way an orientation on 
W and, relative to this orientation we choose the positive root 

{detK n ) 1/9 G A 7 W*. 

We then have an inner product naturally defined by Q: 

gn{v,w) = B n (v,w)(detK n )- 1/9 

and det K^ 9 is its volume form. 

Let wx, ■ ■ ■ , W-? be a basis of W and 9x, ■ ■ ■ , 9j the dual basis of W*. For the 3-form 
ip = (0 1 /\0 2 -0 3 /\e 4 )A9 5 + (6xA6- i -9 4 A92)A6G + (6xA6 4 -6 2 A6 3 )A6 7 + 649e6 7 (30) 
an easy calculation gives the standard Euclidean metric 

l 

The stabilizer of ip in GL(7, R) therefore preserves a metric and so is compact. It is 
(see Hl3"ll ) the 14- dimensional Lie group G2- the metric and 3-form define the structure 
constants of the multiplication of the imaginary octonions. Since 

dimGL(7, R) - dimG 2 = 49 - 14 = 35 = dimA 3 iy* 

the form (p has an open orbit U C A 3 W*. We call a form in this orbit positive. 
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Definition 4 Fix a basis vector e G A 7 W* , and for a positive form Q define G R 
by 

0(ft)e = deti4 /9 

Note that since Kq is homogeneous of degree 3 in Q, 4>(Q) is homogeneous of degree 
3x7/9 = 7/3. 

There is a formula for the invariant <fi analogous to fllTf ). Let * : A 3 iy* — > A 4 W* be 
the Hodge star operator of the metric ga, then 

Q A *Q = 60 (32) 



This follows from consideration of the standard 3-form (p. As in ||13[| , we have 



*ip = 9 1 A9 2 A 6» 3 A 6» 4 - (6>i A 6> 2 - 9 3 A 6> 4 ) A 6> 6 A 9 7 - {6 X A 9 3 - 6> 4 A 6> 2 ) A9 7 A9 5 
- (6 1 A9±-9 2 A9 3 ) A 5 A 06 

We want to find the derivative of <fi : U — > A 3 iy*. The exterior product defines a 
non-degenerate pairing 

A 3 M/* ® A 4 iy* -> A 7 iy* 

and having fixed e G A 7 !^* this defines an isomorphism 

(A 3 W*Y S A 4 H/*. 
Thus <i0 takes values in A 4 ^*. We have 

Proposition 18 The derivative of <fi is given by: 

dcj)(Vt)e = ^*ttAtt 

where * : A 3 W* — > A 4 W* is the Hodge star operator of the metric ga. 

Proof: The group G 2 which stabilizes Q has only one invariant in its action on A 3 ^*, 
namely the orthogonal projection onto Q (see [0). Thus, since * identifies A 3 iy* 
and A 4 H^* in an invariant way we can only have 

d(f)(ti) = c * n A tl 

for some real number C, possibly dependent on Q. 
But taking Q = Q, we have 

C(*tt A n) = d(p{n) = 

3 

since is homogeneous of degree 7/3. From (p2[), C = 7/18. □ 
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7.2 The functional and its critical points 



We now define a functional in 7 dimensions analogous to the one we have analyzed 
in 6 dimensions. Recall that if Q is a 3-form on a closed 7-manifold M, then det K^ 9 
is a section of A 7 T*. When it is non- vanishing it is the volume form of a metric 
canonically determined by Q. We define a functional \I/ on C°°(A 3 T*) by 

*(n)= / det/4 /9 . 

JM 

We then have 



Theorem 19 Let M be a closed 7 '-manifold with a metric with holonomy Gi, with 
defining 3-form Q. Then Q is a critical point of the functional $ restricted to the 
cohomology class [Q] e H 3 (M, R). 

Conversely, if Q is a critical point on a cohomology class of a closed oriented 7- 
manifold M such that Q is everywhere positive, then Q defines on M a metric with 
holonomy G 2 - 



Proof: Choose a non-vanishing 7-form e on M and assume that f2 is a positive 
closed 3-form. Writing 

det kH 9 = (j){tt)e 

we have 

JM 

The first variation is: 

<J$(f2) = / d<p(il)e = — I *QAQ 

JM 18 JM 

by (|18D . Varying in a fixed cohomology class, Q = dtp for some 2- form (p so 5^ = 
if and only if 

/ d(*tt)A(p = 

JM 

for all (p, or 

d(*Q) = 0. 

If Q is covariant constant, so is *Q and hence is closed. Thus a GVmanifold gives a 
critical point of 

Conversely if dfi = d(*fi) = then f2 is covariant constant for the metric g^ as shown 
by M. Fernandez and A. Gray (see fll3"|). □ 
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Example: In D. Joyce's foundational papers ]7] there are many examples of compact 
G^-manifolds. We can also take a 3-dimensional Calabi-Yau manifold N with Q the 
real part of a holomorphic 3-form and u the Kahler form and consider the product 
manifold M = S 1 x N. The 3-form Q + uj A d6 defines a G^-metric. 

The second variation of $ is the quadratic form 

/ £>V(ftiA)e 

J M 

Now 18d(f)/7 is the 4-form O = *Q so for D 2 cf) what we need is the derivative of 
0(fl). This is provided by the lemma below (which is stated in To set it up, 
let us consider the decomposition of A 3 !^* into (^-representations. Since GL(7, R) 
acts transitively on an open set of A 3 W*, we are looking at the decomposition of the 
quotient gt(7, R)/g 2 under the action of the stabilizer G 2 . Since G 2 C SO(7), and 
G 2 acts transitively on S 6 , the 21-dimensional skew symmetric part of g[(7, R) maps 
to the 21 — 14 = 7-dimensional representation in the quotient. The 28-dimensional 
symmetric part decomposes into multiples of the identity and the trace- free symmetric 
tensors, which are 27-dimensional. Denote as in m, 777,7727 the projections onto 
these invariant subspaces, then we have: 

Lemma 20 The derivative of the map Q(Q) = *Q at Q is 

DQ(Q) = -*7Ti(fi) + *7l 7 (Q) - *7T 27 (fi). 

3 

Proof: As in Proposition |6| we consider first the derivative applied to tangent 
vectors X a generated by SL(7, R), which span a subspace of codimension 1. Since 
is invariant we have 

and so 

' dxj dxi a dxidxn 
From (P~5| ) and the fact that DX a = p(a) this can be written 

DQ(X a ) = -p(a)& 

or 

D9(p(o)n) = -p(o)(*fi). 
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From (fn|), if we use an orthonormal basis e\, . . . , e-j, 

p{a){*Vt) = ^^CLijCj A i(ei) * Cl 

Now use the relations t(ej)a = A *a) and * 2 = (— l)p( n ~p) on p-forms and we see 
that 

a^e, A t(e$) * f2 = * ayi(ej) (e$ AQ) = (ti a) * Q — * a^ej A t(e 3 -)fl. 

Thus if a.y is skew- symmetric, p(a)(*Q) = — * (p(a)Q) and so 

DQ(p(a)n) = -p(a)(*Q) (33) 

If a,ij G st(7, R) it has trace zero, so if it is also symmetric p(a)(*Q) = *(p(a)fl) and 

DQ(p(a)n) = p(a)(*n) (34) 

There remains the unique direction orthogonal to the SL(7, R) orbit and this is 
spanned by the Euler vector field Q. But 

since d<j)/dxi is homogeneous of degree 4/3. From fl3"3"),(3"4"),(3"5) the lemma follows. 
□ 



7.3 Nondegeneracy 

We now prove, just as in the 6-dimensional case, that at a Gi manifold, the functional 
$ has formally a Morse-Bott critical point. The argument is from one point of view 
like the proof of the <9<9-lemma for Kahler manifolds, but is also in essence the proof 
of Proposition 3.3.2 in Joyce's paper f7|. 

Proposition 21 Let M be a compact 7 '-manifold with a closed 3-form Q which defines 
a G2~structure. Then the Hessian of the functional $ atfl is nondegenerate transverse 
to the action o/Diff(M) at Q. 

Proof: The tangent space of the orbit of Diff(M) in the closed 3-forms consists of 
the forms £x&> — d(i(X)tt) where X is a vector field. The map X \— > l(X)Q embeds 
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the tangent bundle in A 2 T* as a subbundle // (in the notation of |T3]| ) and we have a 
G 2 -invariant decomposition 

A 2 T* = /i © g 

where g is the 14- dimensional adjoint bundle of the G2 structure. Thus the tangent 
space of the orbit consists of 3-forms d\ where x is a section of /1. Defining J : 
A 3 T* -> A 4 T* by 

4 

</(«) = -*7Ti(«) + *7r 7 (a) - *7r 27 (a) (36) 

from (|20|) we need to show that if dJdip = then dip = d\ for x C°°(fi). By 
the diffeomorphism invariance of the functional any ip G C°°(fi) already satisfies 
dJ(dip) = 0, so we need only restrict ourselves to if) G C°°(g). We use the natural 
metric defined by the G2 structure, so that nondegeneracy in directions orthogonal 
to the Diff (M)-orbits is the Morse-Bott condition. This means we must prove that if 
dJ(dip) = and n^dip = then dip = 0, where 7r M is the orthogonal projection onto 
the subbundle /i C A 2 T*. 

Assume we are given ip G C°°(g) and n^d^dip = 0. Using the Green's operator for the 
Hodge Laplacian we write 

ip = H(ip) + dGd*ip + d*Gdip 

so that 

dip = dd*Gdip = dGd*ip 

By assumption 7i^d*dip = 0, so d*dn G C°°(g). The Hodge Laplacian, and conse- 
quently also its Green's operator, commutes with orthogonal projections given by 
reduction of holonomy (see 1.141 for example). So Gd*dip G C°°(g) and dip = d\ 
where 

X = Gd*dip G C°°(g) (37) 

and in particular d*x = 0. 

Now (as in O] ) , since x C°°(g) and G 2 acts as the irreducible 7-dimensional repre- 
sentation on A 6 T*, we have xA*O = 0. Thus d\ A *Q = G C°°(A 7 T*) since *tt is 
closed, and this means that 

ntdx = (38) 
Another algebraic property of x £ C°°(0) (again see 0]) is 

so d*x = implies dx A Q = G C°°(A 6 T*) since f2 is closed. This means that 

7r 7 d X = 0. (39) 
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Now suppose dJdip = dJd\ = 0. Since n^dx = ^dx = we see from fl3"6"|) that 
J(dx) = 4 * dx/3 and so 

dJdx = —d * dx — 0. 

But by Stokes' theorem d * dx = implies dx = dip = 0, so we have nondegeneracy 
of the critical point. □ 



7.4 The moduli space 

Given this nondegeneracy, we can proceed just as in Section 6 to define a local moduli 
space which is an open set in H 3 (M, R). With k > 7/2 we define the Sobolev space 

E = {a e L 2 k (A 3 ) : da = and 7r M efa = 0}. 

and proceed as before, using the function 

F(a) = P 2 {*o * a) 

where * is the G 2 metric at the critical point, and as before * depends on a. The 
derivative on exact forms at the critical point is then P2(*Jdip) and the formal argu- 
ment of nondegeneracy just proved shows that this is injective. 

For surjectivity of the derivative we need to prove that if dip, with ip 6 C°°(q), satisfies 
Tr^dip = then there exists v such that 

/4 

dip = P 2 ( -Tti{dv) + n 7 (du) - 7r 27 (dz/, 



But dip = iTi(dip) + n-j(dip) + ^(dip) so from ( |3"8| ) and 

dip = 7127 (dip) 

and we can take v = —ip. 

We can thus use the implicit function theorem again. The only other result we need 
is the regularity of Einstein metrics (see 0, 5.26) to pass from a Sobolev space to a 
C°° metric, and for this we can take k > 9/2 in the Sobolev space. 

We have here produced one use of the implicit function theorem to produce the moduli 
space, as was suggested in 0. 
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7.5 Geometry of the moduli space 



The natural differential geometry on the moduli space is again determined by the 
critical value of our functional $. From (^) we have the function 

$([n]) = - f n a*o= -([Q] u [*o])(m) 

6 J M 6 

on the open set U C H 3 (M, R) parametrizing the GVstructures. We have, by analogy 
with (0) 

Proposition 22 Let M be an irreducible G^-manijold, and U C H 3 (M, R) a local 
moduli space. Then the Hessian of the function $([^]) defines a metric on U of 
signature (1, b 3 — 1). 

Proof: From (|IBD the metric is a positive multiple of 

JM 

where Q is an infinitesimal deformation of a G2 structure, and from (|20f) this is 

y ^*7r x (f2) + *7r 7 (fi) - *7r 27 (fi)^ A n 

Both and DQ(Q) are closed, so we can replace Q by its harmonic representative 
a. But TCja defines a harmonic 1-form and since the Ricci tensor is zero for a G2- 
manifold, any harmonic 1-form is covariant constant by Bochner's theorem. Thus 
irreducibility implies that the harmonic 3-forms decompose as a 1-dimensional space 
of multiples of Q and its 63 — 1-dimensional orthogonal space which is the image of 
7T27. Then 

([a\,[a}) = - W^af - ||7r 27 a|| 2 

<J JM JM 

as required. □ 

Remark: Note that * identifies A 3 jy* and A 4 W* as G2 representation spaces, and 
consequently the orbit of the 4-form *Q under GL(7, R) is also open. We could there- 
fore rederive the characterization of GVmanifolds through an invariant functional on 
4- forms instead of 3-forms. One approach to this is symplectic: we fix e £ A 7 W*, and 
identify A 4 W* = (A 3 W*)* via the natural pairing. Then the product 

A 3 W* x A 4 W* = T*(A 3 W*) 
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and Proposition [TH] tells us that the set of pairs (O, *Q) G A 3 W* x A 4 W* is the graph 
of the derivative of the function 180/7 on A 3 iy* and so is Lagrangian. Identifying 
A 3 W* x A 4 W* the other way round with T*(A 4 W*), this submanifold is also the 
graph of the derivative of a function ip on A 4 W*, which is the Legendre transform of 
180/7. Since is homogeneous of degree 7/3 in Xi, it follows that & is homogeneous 
of degree 4/3. Thus Xj = dtp/d^ is homogeneous of degree 3/4 and ip of degree 7/4 
in £j. In particular since 60 = f2 A *Q, we have 

60(fi) = = X>ir = 

i i 

and so the functional $ on the 3-forms Q can be replaced by the functional 



on the 4-form G = 



The precise algebraic form of is as follows. For B G A 4 iy*, given v,w G W 7 , we 
have )t(w)0 G A 2 !^*. The map oAajn l(v)l(w)Q defines a linear map 

C e ■ A 2 W -> A 2 VT . 

The determinant of Ce is a vector in L 2 where L is the top exterior power of A 2 W* . 
The highest exterior power of A 2 V^ for any vector space V of dimension n is canonically 
isomorphic to (A™y) n_1 so in our case det C@ is a well-defined element of 



{A 7 W* 



,12 



1/12 

and det C e is a volume form, which will give an invariant integrand. A calculation 
using the standard forms ip and *ip shows that ip is m f &c t a nonzero multiple of 
det4 /12 . 
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